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Abstract. We propose the disappearance of “the hyperon puzzle" in neutron star (NS) by
invoking two new-physics prescriptions: modified gravity theory and braneworld scenario. By
assuming that NS lives on a 3-brane within a 5d empty AdS bulk, gravitationally governed
by Eddington-inspired Born-Infeld (EiBI) theory, the field equations can be effectively cast
into the usual Einstein’s with “apparent" anisotropic energy-momentum tensor. Solving the
corresponding brane-TOV equations numerically, we study its mass-radius relation. It is
known that the appearance of finite brane tension λ reduces the compactness of the star. The
compatibility of the braneworld results with observational constraints of NS mass and radius
can be restored in our model by varying the EiBI’s coupling constant, κ. We found that within
the astrophysically-accepted range of parameters (0 < κ < 6× 106m2 and λ  1 MeV4) the
NS can have mass ∼ 2.1 M and radius ∼ 10 km.
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1 Introduction
Neutron stars (NSs) as the densest object in the universe are a unique avenue to study strong
gravitational field and matter under extreme conditions. Unfortunately, even though a lot
of progress are reported, until now the equation of state (EoS) of NSs are still quite poor
to understand (see the discussions in Refs. [1–7]). Furthermore, there is also a degeneracy
between the EoS of NS matter and the theory of gravity applied to describe NS structure
(see the discussions in Refs. [8, 9] as well as the references therein). We note that among the
modified theories of gravity, the Eddington-inspired Born-Infeld (EiBI) theory [10] attracts
attentions recently due to its particularity compared to general relativity (GR) (See Ref. [9] for
a review). One of the interesting features of EiBI theory is the maximum mass value of NS can
be adjusted by varying the corresponding κ value. Furthermore, through direct observations
of the radii of low mass NS (around 0.5 M) and the measurements of neutron skin thickness
of 208Pb, the EiBI theory can be discriminated from GR [11]. The range of reasonable values of
κ parameter in EiBI theory can be constrained by using some astrophysical and cosmological
data [12], NSs properties [13–16] and the Sun properties [17]. Furthermore, in EiBI theory
when matter can be described by a perfect fluid with barotropic EoS such as the one happens
in compact stars, the modified field equations are equivalent to the one of GR. In this view,
the energy-momentum tensor can be still presented by an effective perfect fluid but with
different behavior (It is called apparent EoS in Ref. [18]). It is found that even the EoS of
matter in flat space time obeys all of the energy conditions, but the corresponding appeared
EoS can violate some of energy conditions [18].
Observing the macroscopic properties of NS, and in particular their mass and radius
can provide physical information about the composition of and interactions in NS matter
including also the role of gravity inside NS. Recent analysis on the mass distribution of a
number of pulsars with secure mass measurement has confirmed that M ∼ 2.1M provides
an established lower bound value on the maximum mass (Mmax) of neutron star (NS) [19].
We need to point out that our recent study [13] by using EiBI theory has shown that the
2.1M maximum mass constraint can be exceeded if we take value for κ ≥ 4.0× 106 m2. In
that work, NS core EoS is calculated by using extended relativistic mean field model (ERMF)
where standard SU(6) prescription and hyperons potential depths are used to determine the
hyperon coupling constants [13] while the crust EoS is taken from Ref. [20]. On the other
hand, the analysis methods used to extract the NS radii from observational data still suffer
from high uncertainty[21–29]. Therefore, relative wide range of radius with mass around 1.4
– 1 –
M has been reported (see the discussions in Ref. [30] and the references therein). From
theoretical side, within GR the prediction of a canonical NS yields a radius between 10-15
km depending on the EoS model used (see details in Ref. [30, 31] and the references therein).
We need also to point out that the question that canonical NSs can have radii less than 10
km becomes a interesting topic of hot debate during last few years [30, 31]. If such small
NS radii are observed in the future, they will be very difficult to reconcile with existed EoS
model estimates. Furthermore, it shown in Ref. [30] that within GR, only by introducing
hypothetical particle such as a weak interacting light boson with appropriate in-medium
parameters, the prediction of canonical NSs with radii less than 10 km can be realized.
In cosmology, the proposal that universe is higher-dimensional is an old one, but it
recently regains interest in the context of unification. The old Kaluza-Klein postulate was
resurrected within the string-theory framework. A more phenomenological approach, known
as the braneworld scenario, assumes that our four-dimensional spacetime is a slice of hyper-
surface (called the brane) living in a higher-dimensional bulk [32]. This set up was later
proposed to solve the hierarchy problem, where the extra dimension needs not to be finite and
periodic [33, 34]. The description of NS in the braneworld within GR theory is investigated
previously in Refs. [35–38]. One of the interesting feature of this theory description is, the
NS compactness in this theory is less than that of standard GR. Therefore, for the same NS
mass, the radius of NS in this theory is less than the one predicted by GR. It means that if
in the future the NS with radius less than 10 km can be observed, it might be considered as
the signature of braneworld remnant.
In this work, we extend the previous works [35–38], by studying NS properties in the
braneworld within EiBI theory. Note that the nonlinearity of EiBI gravity makes it free
from the “hyperon puzzle"1. We investigate also whether the mass and radius obtained are
compatible to the known observational constraints as well as whether the apparent EoS within
this theory obeys the energy conditions in [18]. The latter is quite relevant to investigate
because the braneworld theory gives additional corrections in apparent pressure and apparent
energy density of EiBI gravity.
The paper is organized as follows. Sec. 2, is devoted to discussing the field and TOV
equations on the brane. Sec. 3 discusses the numerical solutions and results obtained. The
conclusion is given in Sec. 4.
2 Brane with EiBI gravity in a bulk with GR
We consider a braneworld model [41] governed by the Eddington-inspired Born-Infeld (EiBI)
theory. For readers who are not familiar with EiBI theory, see appendix A. Here we assume
that the bulk is empty while (ordinary) matter lives on the brane, i.e., the energy momentum
tensor in the brane has the modified form taken from EiBI theory.
We start from the effective Einstein equation for observer on the brane which has the
following form [41, 42]
G¯µν = 8piGNc
−2T effµν . (2.1)
The ‘bar’ refers to quantities on the brane. The difference between the GR and EiBI gravity
is that the Einstein tensor G¯µν is constructed from the auxiliary metric qµν , not the physical
1Solutions to the hyperon puzzle have also been proposed in other framework of modified gravity. See, for
example, Refs. [39, 40].
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one gµν [18] (see appendix A). Meanwhile, the effective energy momentum tensor is
T effµν =−
Λ¯c2
8piGN
qµν + T¯µν +
κ45c
2
8piGN
Πµν
− c
2
8piGN
Eµν + κ
2
5
8piGNc−2
Wµν . (2.2)
This formula comes from projecting gravity in a 5-dimensional bulk spacetime into the 4-
dimensional brane. Respectively, each has gravitational constant κ25 and GN while the cos-
mological constants are Λ and Λ¯. Here c is the speed of light and λ is the tension of the brane
observed in the bulk. The cosmological constant and gravitational constant from the brane
are related to the ones from the bulk by
Λ¯ = κ25
(
Λ
2
+
λ2
12
)
, GN =
κ45c
2λ
48pi
. (2.3)
The second term on right side of Eq. (2.2), T¯µν , is the energy-momentum tensor on the brane,
modified by the EiBI gravity with nonlinearity constant κ (see appendix A), whose form is
T¯µν = τT
κ
µ qκν −
(
τ
T
2
+
c2
8piGN
(1− τη)
κ
)
qµν , (2.4)
with Tµν ≡ Tκνgκµ,
τ ≡ 1√
det
(
ηδµν − 8piGNc2 κTµν
) , (2.5)
and
Tµν = (ρ+ pc
−2)vµvν + pc−2gµν , (2.6)
whose velocity vector is va = (
√
−g00, 0, 0, 0) and vava = −1. Notice that Tµν is coupled
to gµν , and this metric is related to qµν by (A.3) in the appendix A. At the limit κ → 0,
T¯mn → Tmn. Πmn is the local correction term, whose form is
Πµν =
−6T¯ aµ T¯aν + 2T¯ T¯µν + (3T¯αβT¯αβ − T¯ 2)qµν
24
. (2.7)
Emn and Wmn are, respectively, the nonlocal correction from the bulk’s geometry and matter.
The former is the bulk Weyl tensor contribution
Eµν = Cabcdnancqbµqdν , (2.8)
while the latter is the contribution from matter in the bulk (whose energy-momentum tensor
is Tˆab)
Wµν =
2
3
(
qaµq
b
ν + n
anbqµν − qµν
4
hab
)
Tˆab, (2.9)
with hab is the metric from the 5-dimensional bulk defined as
habdx
adxb = qµνdx
µdxν + dχ2 (2.10)
with the brane is positioned at χ = 0. Notice that as κ5 → 0 we want this equation to become
the Einstein’s equation, so the second term must still be there. Thus, the brane has very high
positive tension, λ→∞.
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In this paper we assume that there is no matter in the bulk (implying Wmn = 0) and
the brane’s cosmological constant is set to zero Λ¯ = 0, which makes the tension of the brane
become λ = 48piGN/κ45c2 and Λ = −27 · 3pi2G2N/κ85c4 hence the bulk’s geometry must be
anti-de Sitter. [This set-up is reminiscent of the Randall-Sundrum fine-tuning problem [34].
We shall have something to say on this in the conclusions.] These then simplify the effective
energy-momentum tensor to be
Tµν eff = T¯
µ
ν +
6
λ
Πµν −
1
8piGNc−2
Eµν , (2.11)
The nonlocal correction is defined to have static spherical symmetry from the so-called “Weyl
fluid” [36, 42, 43]
Eµν = −
6
[
Uvµvν + Prµrν + (U−P)3 (δµν + vµvν)
]
8piGNc−2λ
, (2.12)
where U and P are the nonlocal energy density and the anisotropic stress seen by observer in
the brane, respectively, while rm is a unit radial 3-vector (rrrr = 1, else = 0).
Explicitly, the components of the effective energy-momentum tensor are
T 00 eff = −ρeff, (2.13)
T rr eff = peffc
−2 +
4P
(8piGNc−2)2λ
, (2.14)
T θθ eff = peffc
−2 − 2P
(8piGNc−2)2λ
. (2.15)
with effective energy density and pressure are, respectively, defined as
ρeff = ρq +
ρ2q
2λ
+
6U
(8piGNc−2)2λ
, (2.16)
peffc
−2 = pqc−2 +
ρq(ρq + 2pqc
−2)
2λ
+
2U
(8piGNc−2)2λ
, (2.17)
with ρq ≡ −T¯ 00 and pq ≡ T¯ rr . The metric is defined in (A.13) to also have spherical symmetry.
So the Ricci tensor components are
R00 = −G−2
[
F ′′
F
− F
′G′
FG
+ 2
F ′
Fr
]
, (2.18)
Rrr = −G−2
[
F ′′
F
− F
′G′
FG
− 2G
′
Gr
]
, (2.19)
Rθθ = −G−2
[
F ′
Fr
− G
′
Gr
+
1
r2
]
+
1
r2
, (2.20)
The Einstein’s equations then has the form
R00 = 8piGNc
−2
(
T 00 eff − T rr eff − 2T θθ eff
2
)
, (2.21)
Rrr = 8piGNc
−2
(
−T 00 eff + T rr eff − 2T θθ eff
2
)
, (2.22)
Rθθ = 8piGNc
−2
(−T 00 eff − T rr eff
2
)
. (2.23)
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Defining the metric solution G−2 = 1− 2GN c−2m(r)r to be dependent on a mass function
m′(r) = 4pir2ρeff. (2.24)
the Einstein’s equations imply
F ′
F
=
r3(8piGNc
−2)
[
peffc
−2 + 4P
(8piGN c−2)2λ
]
+ 2GNc
−2m
2r(r − 2GNc−2m) . (2.25)
The Bianchi identity of the brane ∇mT¯mn = 0 and the bulk ∇mTmneff = 0, respectively, imply
p′(r) =− F
′
F
b
2piGNc−4κ
×
[
ab(a2 − b2)
4ab2 + (3a− bc2q)(a2 − b2)
]
, (2.26)
with c2q =
da
db = − ba dρd(pc−2) is the speed of sound and
[U + 2P]′ = −F
′
F
[4U + 2P]− 6P
r
−(8piGNc
−2)2
2
[
ρq + pqc
−2] ρ′q. (2.27)
There are six solutions but only four equations of motion, thus we need to have two constraints
(or equations of state): p = p(ρ) and P = P(U). Here we consider the first one from neutron
star matter and the second one is modeled by P = wU with w a constant (as also used
in [35, 44]) which makes Eq. (2.27) becomes
U ′ = −2
[1 + 2w]
(
F ′
F
[2 + w]U + 3w
r
U
+ (4piGNc
−2)2
[
ρq + pqc
−2] ρ′q) . (2.28)
3 Numerical solutions
Here we calculate numerically the TOV equations for the physical mass (Eq.(2.24)), the
physical pressure (Eq. (2.26)), the Weyl energy U (Eq.(2.28)), and the metric profile F
(Eq.(2.25)), which are expressed by first-order ordinary differential equations, using Runge-
Kutta fourth-order algorithm. We use the EoS  = ρc−2 = (p) for NS matter based on
BSR23 parameter set of ERMF model where the standard SU(6) prescription and hyperons
potential depths are utilized to determine the hyperon coupling constants, and the crust EoS
is taken from Ref. [20] (see the details of NS EoS model for example in Ref. [13]). We impose
the following boundary conditions:
p(r → 0) = pc, m(r → 0) = 0, U˜(r → 0) = 0. (3.1)
The numerical calculation starts from r ∼ 0 with arbitrary pc to the surface of the star at
r = R when p(R) ∼ 0. Note that here the NS mass has dimension of solar mass unit M,
pressure p and energy density  = ρc2 have dimension MeV/fm3, and both Weyl energy U
and Weyl anisotropic stress P have dimension m−4 due to using natural units. We redefine
– 5 –
the Weyl energy and Weyl anisotropic stress, respectively, by U ≡ U/(8piGNc−2)2 and P ≡
P/(8piGNc−2)2 to make things simpler. Both U and P have the same unit MeV2/fm6. The
EiBI parameter κ and the braneworld parameters λ has dimension 106 m2 and MeV/fm3,
respectively, while w is dimensionless and here we take it to be in a range of −3 ≤ w ≤ 2. We
need to note that the authors of Ref. [35] have found that λ clearly controls the value of NS
maximum masses, while w influences the corresponding radii. They have established a range
of λ between 0.4 ×1037 dyne/cm2 and 10 ×1037 dyne/cm2, where 1037 dyne/cm2 = 6.24×103
MeV/fm3. This value is higher than the lower bound obtained from the gravitational wave
calculation [45]. In EiBI theory the parameter κ is also controls the value of NS maximum
masses [13]. Therefore, in the braneworld within EiBI theory, there are two parameters which
control the value of NS maximum masses. It is common to ignore the EiBI’s cosmological
constant H = (η − 1)/κ by setting η = 1 when discussing compact objects. In this work we
have relaxed this assumption by considering also η < 1 and η > 1 cases which imply de Sitter
and anti-de Sitter background in the brane, respectively, and investigate their impact on the
NS properties.
Note that we denote the physical mass as M(r), which is related to the auxiliary mass
m(r) in (2.24)by (A.28), i.e.
B2 = G2/ab, (3.2)
with a and b given in (A.15). Since it is usual to define the metric solution to have the form
B−2 = 1− 2GNc
−2M(r)
r
, (3.3)
we have
M(r) =
1− ab
2GNc−2
r + abm(r). (3.4)
In the case of mass-radius relation graphs, the mass is specified at the surface M(R) where a
and b both goes to the constant η−1/2 hence we can use
M(R) =
1− η
2GNc−2
R+ ηm(R). (3.5)
This implies M(R) = m(r) at the limit η → 1.
In Fig. 1, we show the mass-radius relation predicted by this model with EiBI parameter
set to be κ→ 0 which is equivalent to braneworld within GR and the one with EiBI parameter
κ = 15.6 for the values of w, λ are varied. Here we use η = 1. Respectively, the gray, yellow,
and green shaded regions are the observational constraints from Ref. [46] for radius constraint,
[47] for maximum mass constraint, and [48] for constraint obtained from simultaneous analysis
of masses and radii of some pulsars, while the cyan one is the causality region from Ref. [49].
In this theory, if one increases λ and κ then the mass also increases. However, one can adjust
w value to vary the radius while keeping the mass m(R) ' 1.4M. This can be seen clearly
in (a) of Fig. 1 when κ → 0. The same case while keeping the mass m(R) ' 2.1M in (b)
of Fig. 1 when κ = 15.6. It can also be observed in (a) of Fig. 1 that at some w values
the radius is compatible with the observed region constraint from Ref. [46] and there is also
present canonical NS with radius ≤ 10 km. To increase the NS maximum mass to be near
2.1M, we can increase κ value as shown in (b) of Fig. 1. This has the maximum mass
and radius of the star in one of the regions of observational constraints of Ref. [47] and Ref.
[48]. However, within the used parameters of the corresponding model, it is still difficult to
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Figure 1. Mass-radius relation without EiBI parameter κ→ 0 (a) and with EiBI parameter κ = 15.6
(b) for the values of w, λ varied. (Here we use η = 1.) The gray, yellow, and green shaded regions are
from observational constraints of Ref. [46] for radius constraint, [47] for maximum mass constraint,and
[48] for constraint obtained from simultan analysis of masses and radii of some pulsars, while the cyan
one is the causality region from Ref. [49].
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Figure 2. Mass-radius relation with η varied.
obey simultaneously all three masses and radii constraints of Refs. [46–48] by varying w.
The mass-radius relation obtained by varying η are shown in Fig. 2. By slightly increasing
(decreasing) η, the NS maximum mass is significantly increases (decreases). It seems that
small radii NS prefer η < 1 more that η > 1. This happens when κ is huge, whose implication
is the brane has anti-de Sitter background with strong EiBI gravity nonlinearity with much
bulk contribution. This is not always the case since we can also obtain the maximum mass
on the green or yellow band at η > 1 by adjusting κ or λ to be smaller than the value used
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in (b) of Fig. 1 to get a brane with de Sitter background.
It is shown in Ref. [18] that under certain assumptions, it is possible to re-express the
energy momentum tensor modified by the EiBI theory in the form of perfect fluid also but in
terms of qµν . In this form the pressure and the energy density become apparent pressure pq
and energy density q. In this view, EiBI can be considered as GR with additional isotropic
gravitational pressure P in apparent stress tensor T¯µν . In the following discussions, we use the
same procedure as one used in Ref. [18] to obtain the brane correction of pq and q. We then
calculate the energy conditions from Ref. [18] to study the allowed range for w, λ, κ, and η.
In this model the pq and q become
"apparent energy density" = eff, and
"apparent pressure" = peff +
4P
(8piGNc−2)2λ
. (3.6)
We need to note that in Eq. (2.24) peff + 4P/(8piGNc−2)2λ affects p′(r) and in Eq. (2.25)
eff affects m. The following energy conditions will be used to study the allowed range for
w, λ, κ, η:
1. null energy condition (NEC):
eff +
(
peff +
4P
(8piGNc−2)2λ
)
≥ 0,
2. weak energy condition (WEC): NEC and eff ≥ 0,
3. strong energy condition (SEC): NEC and
eff + 3
(
peff +
4P
(8piGNc−2)2λ
)
≥ 0,
4. dominant energy condition (DEC):
eff −
∣∣∣∣peff + 4P(8piGNc−2)2λ
∣∣∣∣ ≥ 0, and
5. causal energy condition (CEC):
|eff| −
∣∣∣∣peff + 4P(8piGNc−2)2λ
∣∣∣∣ ≥ 0.
The reason why we consider these energy conditions in terms of the “apparent", rather
than the physical, energy and pressure is that we wish to establish the upper bound of κ
purely from within the theory itself. In order for the EiBI theory to be consistent it should
reduce to GR in the weak-coupling limit, κ → 0. On the other hand, there should be an
upper limit for κ so that the success of GR in astrophysics is not spoiled. So far such upper
bound comes from observation of compact star, κ < 1.4 × 108 m2 [12]. This is quite a large
value that may not immediately be verified or ruled out in the near future with our current
technology. Our idea is the following. Instead of looking for constraint from astrophysics, we
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Figure 3. Mass-radius relation (a) which is inside the regions from two observations and its plot on
energy conditions (b). These conditions are satisfied. (Here P = P/(8piGNc−2)2 and η = 1.)
look for constraint from within the internal consistency of the theory itself. It is well-known
in EiBI theory [9] that there is a degeneracy in the field equations between
(Gµν)EiBI =
8piGN
c2
κ (Tµν)physical ↔
(
G¯µν
)
GR
=
8piGN
c2
(
T¯µν
)
apparent
, (3.7)
where the left-side equation comes from (A.2),
(Gµν)EiBI ≡ ηgµν −
1
τ
(
gµν + κR¯µν
)−1
, (3.8)
and the right-side one comes from (A.11). The physical observables extracted from both
equations are indistinguishable. While we do not (yet) have any established constraint for
the left-side equation in (3.7), we know that such standard constraint exists for GR. Thus,
by constraining the (apparent) energy-momentum tensor by means of positivity of energy
conditions for the right-side equation if (3.7), we hope to extract an upper bound for κ.
The example and analysis results are shown in Fig. 3 and Figs. 4-7, respectively. Note
that in the corresponding figures, the forbidden region is below the horizontal axis (vertical
axis = 0). If a part of any curve is in this region, then the energy conditions are violated.
In Fig. 3, we show an example of mass-radius relation in (a) whose energy conditions
in (b) are not violated from setting the parameter to a certain value: w = −0.1, λ = 4× 103,
κ = 16.5, and η = 1 and using pc = 200 MeV fm−3. In Figs. 4-7, in principle we vary the
value of one of these constants while the others are kept fixed. By this method we obtain the
allowed region from each w, λ, κ and η. The results can be summarized in the following lists.
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Figure 4. Profiles from pc = 200 MeV fm−3 with different w. (a) violates all energy conditions but
(b) does not, yet at −0.5 < w ≤ −0.3 gives a relatively radius that is too small. Hence we obtain
w < −0.9 or w > −0.3. Figure (a) is the case when either NEC, WEC, SEC, DEC, or CEC are
violated by a certain value of w.
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Figure 5. A profile from pc = 200 MeV fm−3 with different λ that violates at least one of the energy
conditions. We obtain that at λ = 4× 102, it violate DEC and CEC thus λ > 4× 102. The figure is
the case when either NEC, WEC, SEC, DEC, or CEC are violated by a certain value of λ.
1. We vary w whose results are shown in Fig. 4. It can be seen that w = −0.5 makes
U ′(r) become singular and w → ±∞ makes U constant. Hence we only need to check
around w = −0.5. The allowed value from the figure is w < −0.9 or w > −0.5, but since
at −0.5 < w ≤ −0.3 gives very small radius, we then remove this region and obtain
that w < −0.9 or w > −0.3 which in turn justifies why the authors of [35] choose
w = −3,−1,−0.6,−0.1, 0.2, 2 and exclude the region around w=-0.5 in calculating
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Figure 6. Profiles from pc = 200 MeV fm−3 with different κ. (a) imply violation of DEC and CEC
while from (b) implies violation of SEC, DEC, and CEC. Hence we obtain that −10 < κ < 80. These
figures are the case when either NEC, WEC, SEC, DEC, or CEC are violated by a certain value of κ.
mass-radius curves.
2. In Fig. 5 we vary λ. We just need a lower bound for λ since the bulk contributions
vanishes when λ → ∞. From Fig. 5, we can seen that λ > 4 × 102 MeV/fm3 =
(4/5.073)× 1011 MeV4 ' 3.07× 109 MeV4 obeys the energy conditions, and this lower
bound is much larger than that found in Ref. [45].
3. In Fig. 6 we vary κ. This EiBI’s nonlinearity constant is firstly thought to be positive
valued and thus has an upper bound. While this is true, κ turns out can also be negative
valued and still satisfy the above energy conditions until a certain large negative value.
In the figures, we obtain that −10 < κ < 80 still obey energy conditions. It still contains
range of 0 < κ < 6 allowed by astrophysical-cosmological constraints in Ref. [12].
4. We also vary η as shown in Fig. 7. Recall that here we vary by η = 1 ± δη with
δη > 0. At δη = 0.01, we have found that no violation on the energy conditions, but at
|δη| = 0.1 both figures show at least one violation. Hence we obtain that 0.9 < η < 1.1
obey the energy conditions.
From here one could also investigate the impact of η by setting H at the observed value
of cosmological constant in Refs. [50, 51]
ρH =
H
8piGN
∼ 10−8 erg
cm3
. (3.9)
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Figure 7. Two profiles from pc = 200 MeV fm−3 with different η and we obtain 0.9 < η < 1.1, whose
lower and upper bound is from (a) and (b) respectively.These figures are the case when either NEC,
WEC, SEC, DEC, or CEC are violated by a certain value of η.
This implies H ∼ 2.08×10−46 [10−6m−2], which then gives the value of η by η = 1+κH > 1.
By setting κ = 6 (the allowed value of κ by observation is 0 < κ ≤ 6 [13]), we increase λ to
increase the mass and decrease w to decrease the radius to obtain the maximum mass in the
observed value denoted by the green-shaded region. The mass-radius result and its profile at
pc = 200 MeV fm−3 is shown in Fig. 8(a)(η > 0) from H = 2.08 × 10−46 [10−6m−2]. Fig.
3(b) imply that there is no violation on any of the energy conditions. Here we observe that
by setting the tension λ to be one order higher than 103 MeV/fm3, i.e. λ ∼ 104 MeV/fm3,
we need w to approach w → −0.5 from w = −0.1 to decrease the radius. The wiggle that
appears at some small pc in the radius-mass relation at w = −0.1 is evident and it becomes
more wiggly as w < −0.1. This wiggle is independent of λ, i.e., it just increases both the
maximum mass and its radius. Note that in Fig. 3 w = −0.1, λ ∼ 103 is used while in Fig.
8 w = −0.213, λ ∼ 106. Interestingly, the mass-radius curve fairly compatible with three
observational constraints of λ [46–48] used. We also show the mass-radius relation brane with
anti-de Sitter background case in Fig. 8(a) (η < 1) from H = −2.08× 10−46 [10−6m−2] and
this case is also allowed by the energy conditions constraints in Fig. 8(c). In contrast to Fig.
2, the two curve in Fig. 8(a) are not separated since κH ∼ 10−46 making η still very near to 1.
4 Conclusions
In this work, we combine two new physics proposals, the braneworld and the modified gravity
(EiBI) theories, to study the inner structure of NS. Our work is an extension of the previous
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Figure 8. Mass-radius curve (a) which is inside the green-shaded regions with η = 1 + κH and
H = ±2.08× 10−46 [10−6m−2]. Both energy conditions plots from a profile with pc = 200 MeV fm−3
(b) and (c), respectively, for anti-de Sitter and de Sitter brane.
result [13] by extending it to higher dimension. The bulk is assumed to be empty, while the
matter fields live on the brane. The field equations can be cast into the usual Einstein’s GR
with “effective" energy-momentum tensor. The EoS at the core and at the crust are calculated
using the same prescription as in [13].
It is known from [35] that the existence of higher-dimensional bulk reduces the NS
compactness. From the point of view of astrophysical signatures this is depressing, since
most observational results seem to favor M & 2.1M. This is precisely our motivation to
invoke the EiBI theory in braneworld. In our model, the compatibility with observational
data can be restored by adjusting κ. We found that κ and λ work in sort of the opposite way.
By balancing each other we can have mass and radius of NS compatible with observations
still within the cosmologically- and astrophysically-accepted range, 0 < κ < 6 × 106 m2 and
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λ 1 MeV4.
As with other TOV-braneworld proposals, our model is dependent on w that comes
from the “Weyl EoS” P = wU taken from [35, 44]. By setting w = 0, the “apparent” energy-
momentum tensor Tmn eff is isotropic. Here we also investigate the model when w 6= 0, making
Tmn eff anisotropic. It was found in Ref. [35] that w increase or decrease the radius of the star
depending on its value. We invoked the energy conditions from Ref. [18] to determine the
allowed range of values of κ, λ, and w. We obtain that −10 × 106 m2 < κ < 80 × 106 m2,
λ > 4× 102 MeV/fm3 ' 3.07× 109 MeV4, w < −0.9 or w > −0.3, and 0.9 < η < 1.1.
We also need to make some comments on the curvature of the bulk. Setting the pro-
jection of bulk’s cosmological constant onto the brane to be zero, Λ¯ = 0, we necessarily have
anti-de Sitter bulk, Λ = −27 · 3pi2G2N/κ85c4. This is nothing but the fine-tuning problem that
plagues the Randall-Sundrum scenario. However, we can still set the brane to be de Sitter
or anti-de Sitter by tweaking η. We found that, by setting η > 1 (η < 1), the mass-radius
relation is also lifted (lowered). Now, the whole results above might change should we set
instead η = 0 and Λ¯ 6= 0. This enables the bulk to be other than AdS at the cost of the
curvature of the brane. The 4d cosmological effect is the same (that the brane feels some ef-
fective cosmological constant), but the astrophysical signatures (e.g, NS mass-relation) might
be different since the appearance of Λ¯ changes the TOV equations. This possibility deserves
further investigation.
A Eddington inspired Born-Infeld (EiBI) gravity
Here we discuss a gravity-modified model where the scalar curvature is dependent on the
connection. Let us consider a Born-Infeld type of Lagrangian density for Ricci tensor with
[10]
S = c
3
16piGN
2
κ
∫
d4x
[√
−det(gµν + κR¯µν) − η
√
−det(gµν)
]
+ Sm. (A.1)
κ and η are parameters corresponding to nonlinearity and cosmological constant, respectively.
The last term is from matter contribution. At κ→ 0, one obtain the Einstein-Hilbert action
S = c
3
16piGN
∫
d4x
[
R¯− 2H]√−det(gµν) + Sm,
with cosmological constant H = (η − 1)/κ. It is also easy to show that when Sm = 0 the
Action (A.1) reduces to the ordinary Einstein-Hilbert’s (for example, see [10, 18].) Since the
matter fields are assumed to live only on the brane, the gravity on the fifth dimension is
identical to GR. On the brane, on the other hand, we have the full EiBI gravity.
Here we invoke the Palatini formalism , i.e., connection and metric are defined as separate
entities. As explained in [10, 11, 52, 53], the Palatini formalism is employed to avoid the
appearance of fourth-order field equations with ghost terms should we use the usual metric
variation [54]. In this formalism, the connection Γαµν is dependent on an “auxilliary" metric
qµν . The Ricci tensor still depends on the connection. The matter, on the other hand,
couples to the physical metric gµν . Varying the action (A.1) with respect to the metric gµν
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and connection Γαµν respectively, we have 2
(gµν + κR¯µν)
−1 = τ
(
ηgµν − 8piGN
c2
κTµν
)
(A.2)
qµν = gµν + κR¯µν , (A.3)
where R¯µν depends on the connection
Γαµν =
1
2
qακ(qνκ,µ + qκµ,ν − qµν,κ). (A.4)
Here
Tµν ≡ 2√−det gµν δSmδgµν , (A.5)
τ ≡
√−det(gµν)√
−det(gµν + κR¯µν)
. (A.6)
We can reproduce the Einstein’s equation using the expression of Ricci tensor
R¯µν =
(1− τη)
κ
δµν +
8piGN
c2
τTµν , (A.7)
which makes
G¯µν =
8piGN
c2
τTµν −
(
8piGN
c2
τ
T
2
+
(1− τη)
κ
)
δµν , (A.8)
with Tµν = Tκνgµκ, T = Tµνgµν and
τ =
1√
det
(
ηδµν − 8piGNc2 κTµν
) . (A.9)
This becomes the Einstein equation when κ→ 0 and, simultaneously, η → 1. For convenience,
we also define
T¯µν = τT
µ
ν −
(
τ
T
2
+
(1− τη)
(8piGNc−2)κ
)
δµν , (A.10)
so that (A.8) become
G¯µν =
8piGN
c2
T¯µν , (A.11)
which is interpreted as Einstein equation viewed from metric qµν . Notice that T¯µν is conserved
under covariant derivative of metric qµν . This is different from Tµν from (A.5) which is
conserved under covariant derivative of metric gµν .
Now let us define, respectively, the physical and auxiliary metric to be homogeneous and
isotropic as
gµνdx
µdxν = −A2(r)c2dt2 +B2(r)dr2 + C2(r)dΩ22, (A.12)
qµνdx
µdxν = −F 2(r)c2dt2 +G2(r)dr2 + r2dΩ22. (A.13)
2To vary the action with respect to Γαµν , one can write the connection as Γαµν = Γ˜αµν + Cαµν , which is
symmetric (torsion-free), with Γ˜αµν and Cαµν a connection and a tensor, respectively. After varying, Cαµν
vanishes and Γ˜αµν must be metric compatible [51].
– 15 –
Assuming the matter in manifold with physical metric is an ideal fluid
Tµν = (ρ+ pc−2)uµuν + pc−2gµν , (A.14)
where ρ and p the physical energy density and pressure which are positive semi-definite,
respectively, with velocity vector uµ = (
√
−g00, 0, 0, 0), uµuµ = gµνuµuν = −1 thus we
obtain
τ =
1
ab3
, a =
√
η + 8piGNc−2κρ, b =
√
η − 8piGNc−4κp. (A.15)
Its nonzero components are
T¯ 00 =
−a2 + 3b2 − 2ab3
2ab3(8piGNc−2)
≡ −ρq, (A.16)
T¯ rr = T¯
θ
θ = T¯
φ
φ =
a2 + b2 − 2ab3
2ab3(8piGNc−2)
≡ pqc−2, (A.17)
with ρq and pq are the apparent energy density and pressure, respectively. Both apparent
energy density and apparent pressure are no longer positive semi-definite. The Ricci tensor
nonzero components from the auxiliary metric are
R¯00 = −G−2
[
F ′′
F
− F
′G′
FG
+ 2
F ′
Fr
]
, (A.18)
R¯rr = −G−2
[
F ′′
F
− F
′G′
FG
− 2G
′
Gr
]
, (A.19)
R¯θθ = −G−2
[
1
r
{
F ′
F
− G
′
G
}
+
1
r2
]
+
1
r2
. (A.20)
From (A.7) we have
(1− τη)
κ
− (8piGNc−2)τρ = R¯00, (A.21)
(1− τη)
κ
+ (8piGNc
−2)τpc−2 = R¯rr, (A.22)
(1− τη)
κ
+ (8piGNc
−2)τpc−2 = R¯θθ, (A.23)
and from using an ansatz
G−2 = 1− 2GNc
−2m(r)
r
(A.24)
we obtain
F ′
F
=
−2r3 + r3(a2 + b2)/ab3 + 4κGNc−2m
4κr(r − 2GNc−2m) (A.25)
and
m′(r) =
r2
2κGNc−2
[
1 +
a2 − 3b2
2ab3
]
. (A.26)
To obtain TOV equation, we need ∇bG¯ab = 0 which if we set a = r we obtain (G¯rr)′+ F
′
F (G¯
r
r−
G¯00) = 0, or
p′(r) = −F
′
F
b
2piGNc−4κ
[
ab(a2 − b2)
4ab2 + (3a− bdadb )(a2 − b2)
]
. (A.27)
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We can also use conservation on energy-momentum tensor and relation between metric
[13, 14] to obtain their expression. The relation between the two metric can be seen from Eq.
(A.2) or explicitly
A2 = ab−3F 2, B2 = G2/ab, C2 = r2/ab. (A.28)
Be aware that T ab is on manifold with metric gab not qab thus by ∇aT ab = 0 we obtain
p′c−2 = −(ρ+ pc−2)A′/A or
A′
A
=
2b′b
a2 − b2 . (A.29)
By differentiating the first equation in (A.28) with respect to r multiplying it by A2 we have
2F ′
F
=
2A′
A
− a
′
a
+
3b′
b
. (A.30)
Defining speed of sound as
c2q =
da
db
= − b
a
dρ
d(pc−2)
, (A.31)
we obtain
2F ′
F
=
[
4b
a2 − b2 −
c2q
a
+
3
b
]
b′
=
[
4ab2 + (3a− c2qb)(a2 − b2)
ab(a2 − b2)
]
b′. (A.32)
Substituting F ′/F with (A.25) we obtain
p′(r) =
−b
4piGNc−4κ
[ab(a2 − b2)]
[4ab2 + (3a− c2qb)(a2 − b2)]
[r3(−2 + a/b3 + 1/ab)/2κ+ 2GNc−2m]
r(r − 2GNc−2m) . (A.33)
Numerical computation then can be done with a choice of equation of state p = p(ρ).
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